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In this letter we investigate some consequences of considering our 4D observable universe as
locally and isometrically embeded into a 5D spacetime, where gravity is described by a Brans-Dicke
theory in vacuum. Once we impose the embeding conditions we obtain that gravity on the 4D
spacetime is governed by the Einstein field equations modified by an extra term that can play
the role of a dynamical cosmological constant. Two examples were studied. In the first we derive
a cosmological model of a universe filled only with a cosmological constant. In the second we
obtain a cosmological solution describing a universe filled with matter, radiation and a dynamical
cosmological constant, in agree with observational data. Due to the 5D geometrical origin for the
dynamical cosmological constant we interpret that the acceleration in the expansion is explained
without the introduction of a dark energy component. Moreover, all 4D matter sources are
geometrically induced in the same manner as it is usually done in the Wesson’s induced matter
theory.
PACS numbers: 04.20.Jb, 11.10.kk, 98.80.Cq
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I. INTRODUCTION
The present accelerating expansion of the universe has
been a topic of modern cosmology since its discovery in
1998 [1–3]. The simplest theoretical explanation is given
by the concordance model ΛCDM, where dark matter
is regarded as a cold pressureless fluid whereas the dark
energy, which is responsible for such acceleration, is
driven by a cosmological constant Λ. The success of this
model is due to its fitting to observational data [4, 5].
However, it is not free of problems. The main problem
of this model relies in the origin and the smallness of the
cosmological constant, usually called the cosmological
constant problem [5]. Basically, the ΛCDM model fails
in explaining the huge difference between the cosmo-
logical constant value needed to explain the present
accelerating expansion in concordance with observational
data (Λ ≃ 10−52m−2), and the value obtained from
quantum field theory (Λ ≃ 10122m−2), when it is asso-
ciated with the vacuum fluctuations of quantum fields [6].
The proposals for solving the cosmological constant
problem are based in general on two lines of reasoning.
In the first one it is postulated the existence of an exotic
component in the material content of the universe i.e.
a dark energy energy component. Models with scalar
fields and Λ(t)CDM models, among others, have been
proposals within this line of reasoning [7–9]. In the other
one the acceleration of the expansion of the universe has
its origin in gravity itself. In this line enter for example
modified theories of gravity and theories of gravitation
in extra dimensions [10–12].
Physical theories in more than four dimensions
emerged with the idea of unification of fundamental
interactions. However, with the pass of time, the moti-
vations range has increased. In 1914 Gunnar Nordstrom
2starts these ideas with the introduction of one extra
coordinate in his scalar gravity theory, which attempt
to unify gravity with electromagnetism [13]. Subse-
quently, with the same motivation, Kaluza and Klein
introduced a compact extra dimension in their model.
The Arkani-Hamed-Dimopoulos-Dvali brane models use
large extra dimensions to explain the weakness of gravity
compared with the rest of fundamental interactions,
issue known as the hierarchy problem [14, 15]. The
Randall-Sundrum brane world models appeared also
motivated by the hierarchy problem. In these models
they propose a solution to the hierarchy problem from
a 5D anti-De-Sitter spacetime with the extra dimension
considered compact. Since the emergence of these brane
world models many others have appeared increasing the
famous zoo of brane world models, even in more than
five dimensions. In brane worlds our universe is repre-
sented by a 4D hypersurface, called the brane, embedded
in a higher dimensional spacetime called the bulk [16, 17].
Currently, an interesting feature shared among brane
world models is that the electroweak and strong in-
teractions of the standard model of particle physics,
are confined to the brane while gravity can propagate
through the bulk. Hence, gravitons propagate along the
extra coordinate and the gravitational coupling in the
bulk can depend on the extra coordinate, even when on
the brane it becomes a constant (G = M−2p ) [14, 15].
It follows from this fact, that a higher dimensional
Brans-Dicke theory can be a natural framework to
describe the propagation of gravitons along the bulk,
because gravitational coupling in Brans-Dicke theory is
depending on the spacetime coordinates [18–20].
The fact that gravity can propagate along the higher
dimensional space is not exclusive of brane world
scenarios. In general, theories known as non-compact
Kaluza-Klein theories, like for instead the induced
matter theory, also share this property. This theory
was introduced by Paul Wesson and collaborators [12].
The main idea in this theory is that the 5D bulk is
assumed Ricci flat ( (5)Rab = 0), and solutions of these
field equations can describe on our 4D universe the
Einstein field equations of general relativity, where
the soruces of matter are determined (or induced) by
the 5D geometry. Tecnically, the extra dimension is
considered non-compact and it is responsible for the
presence of matter sources in our 4D universe. A plenty
of contributions have been made in this approach, as for
example inflationary cosmology [21, 22], gravitational
waves [23], induced matter with Brans-Dicke theory [24]
and f(R) theories [25], among many others.
In this letter we obtain cosmological solutions of a 5D
Brans-Dicke theory of gravity in vacuum, that describe
our 4D universe as embeded into the 5D spacetime,
where the accelerating cosmic expansion is explained
without the need of the introduction of a dark energy
component, instead the acceleration is associated with
the fact that the gravitational coupling depends only of
the extra coordinate along the 5D Bulk.
The letter is organized as follows. We start by giving
a little introduction in section I. In the section II we
develop the general formalism. In section III we show
as an example a cosmological scenario with a universe
filled only with a cosmological constant. Section IV
is devoted to a cosmological setting with matter and
radiation in which the acelerated expansion of the
universe is generated by a dynamical cosmological
constant of geometrical origin. We leave section V for
final comments.
Our conventions are Latin indices run in the range
(0, 1, ..., 4) with the exception of i and j that take values
in the range (1, 2, 3). Greek indices run from (0, 1, 2, 3).
The metric signature we use is (+,−,−,−,−). Finally
we adopt units on which the speed of light c = 1.
II. THE FORMALISM
Let us start considering a five-dimensional (5D) space-
time in absence of matter sources, where gravity is de-
scribed by a Brans-Dicke (BD) theory. The action for a
5D BD theory of gravity in vacuum, without a potential
term, is in this case [24]
(5)S =
∫
d5ξ
√
g5
[
ϕ (5)R − ω
ϕ
gabϕ,aϕ,b
]
, (1)
where ϕ(ξ) is the BD scalar field which is related with
the 5D dynamical gravitational coupling, ω is the BD
constant parameter and g5 is the determinant of the 5D
metric gab. On a coordinate chart {xµ, ψ}, the differen-
tial line element can be splitted in the form
ds25 = gµν(x, ψ)dx
µdxν + gψψ(x, ψ)dψ
2, (2)
being ψ the space-like non-compact extra dimension.
The Einstein-Hilbert variational procedure to the action
(1) generates the field equations
(5)
Gab =
ω
ϕ2
[
ϕ,aϕ,b −
1
2
gabϕ
,c
ϕ,c
]
+
1
ϕ
[ϕ;a;b − gabϕ
;c
;c] ,
(3)
(5)
ϕ = 0, (4)
where the semicolon is denoting 5D covariant derivative
and (5) denotes the 5D d’Alembertian operator. Insert-
ing (4) in (3) we obtain
(5)Gab =
ω
ϕ2
[
ϕ,aϕ,b − 1
2
gabϕ
,cϕ,c
]
+
ϕ;a;b
ϕ
. (5)
In our approach, the universe we live in is represented
by a generic 4D hypersurface Σ : ψ = ψ0, obtained after
3taking a folitation of the whole 5D space by choosing
ψ = ψ0. The induced metric on Σ can be written as
ds2 = hαβ(x)dx
αdxβ , (6)
where hαβ = gαβ(x, ψ0). The central idea of this letter
is to investigate the possibility to obtain solutions of
the 5D BD field equations (3), that allow to recover
on Σ the field equations of general relativity charac-
terized by a constant gravitational coupling, without
the necessity to use the well-known passage between
the Jordan and Einstein frames [20] i.e. we will use
only a dimensional reduction mechanism. Thus, as the
gravitational coupling in 4D must be a constant, it
follows that the solutions we are looking for, must obey
in 5D the condition: (16πG5)
−1 = ϕ(ψ) while on Σ they
must satisfy: (16πG)−1 = ϕ(ψ0).
If we assume separability of the metric functions
gµν(x, ψ) and gψψ(x, ψ) in the form
gµν(x, ψ) = hµν(x)A2(ψ), (7)
gψψ(x, ψ) = ǫg˜ψψ(x, ψ) = ǫΦ
2(x)P2(ψ), (8)
with ǫ = ±1 depending of the metric signature. The
equation (4) gives for solution
ϕ(ψ) = C1
∫ P(ψ)
A4(ψ)dψ + C2, (9)
where C1 and C2 are integration constants. It is easy
to see from (9) that depending of the form of P(ψ)
and A(ψ), the desired condition ϕ(ψ0) = (16πG)−1 can
be in principle satisfied, thus establishing on certain
manner the existence of the solutions we are interested in.
Now, by using the Gauss-Codazzi-Ricci equations (see
for example [12] ) the dynamical field equations (5) in-
duced on Σ read
(4)Gαβ =
1
2ϕ(ψ0)
T
(IM)
αβ +
1
2ϕ(ψ0)
E
(ϕ)
αβ
− 1
2ϕ(ψ0)
[
hµνE(ϕ)µν −
2
3
E(ϕ)
]
hαβ , (10)
where the auxiliar tensor E
(ϕ)
ab is defined by
E
(ϕ)
ab =
ω
ϕ2
[
ϕ,aϕ,b − 1
2
gabϕ
,cϕ,c
]
+
ϕ;a;b
ϕ
, (11)
E(ϕ) = gabE
(ϕ)
ab , (12)
where T (ϕ) = gabT
(ϕ)
ab and T
(IM)
αβ is the usual energy
momentum tensor for induced matter which is given by
the expression [12]
T
(IM)
αβ = g
ψψ(gψψ,α);β −
1
2
(gψψ)2
[
g
ψψ⋆
gψψ
⋆
gαβ −
⋆⋆
g αβ
+gλµ
⋆
gαλ
⋆
gβµ −
1
2
g
µν ⋆
gµν
⋆
gαβ +
1
4
gαβ
(
⋆
g
µν ⋆
gµν + (g
µν ⋆
gµν)
2
)]
.
(13)
For the particular case where the BD scalar field ϕ de-
pends only on the extra coordinate, the effective 4D field
equations (10) reduce to
(4)Gαβ =
1
2ϕ(ψ0)
T
(IM)
αβ + Λ(x)hαβ (14)
where Λ(x) ≡ [ω/(2ϕ(ψ0)2)](gψψ ⋆ϕ
2
)|ψ=ψ0 . When the
condition ϕ(ψ0) = (16πG)
−1 is satisfied, the effective
4D field equations (14) are the field equations of general
relativity with the extra term Λ(x)hαβ . Matter con-
figurations can be classically described by the energy
momentum tensor T
(IM)
αβ as it is usually done in the in-
duced matter approach [12]. The auxiliar function Λ(x)
can be interpreted as a correction to the field equations
of general relativity coming from the 5D BD scalar field
and of the 5D geometry through gψψ(x, ψ). Thus if gψψ is
a constant of the spacetime coordinates {xα}, then Λ(x)
will become a constant Λ0 = (ω/(2ϕ(ψ0)
2))gψψ0
⋆
ϕ
2
(ψ0)
and if gψψ has time dependence then Λ(x) will be
Λ(t) = ω/(2ϕ(ψ0)
2)gψψ(t)
⋆
ϕ
2
(ψ0). These two options
open the possibility to explain the present accelerating
expansion of the universe without the introduction of
dark energy. Instead we explain the present expansion
of the universe as a consequence of two facts: gravity
propagates through the fifth extra dimension and the
5D gravitational coupling is dynamical along the extra
coordinate.
Moreover, the ΛCDM cosmological model can be, in
principle, derived as a solution of the 5D field equations
when gψψ is a constant, whereas some Λ(t)CDM models
can also be obtained when gψψ is an acceptable funtion of
time. Something very interesting of our model is that in
here, the “cosmological constantΛ0 has no the problems
of the standard cosmological constant due to the fact that
it is not associated with the vacuum energy of quantum
fields, instead it is consequence of the 5D bulk geometry.
III. THE COSMOLOGICAL CONSTANT
INDUCED FROM 5D WARPED PRODUCT
SPACES
In order to illustrate how the geometrical mechanism
works to induce a cosmological constant on the 4D space-
time Σ0 we consider the 5D line element
dS2 = e2A(ψ)[dt2 − a2(t)δijdxidxj ]− dψ2, (15)
where t is the cosmic time, A(ψ) is a warping factor, a(t)
is the cosmological scale factor and δij is the Kronecker
delta. On this geometrical background the field equations
4(5) read
3H2 − 3(
⋆
A
2
+
⋆⋆
A)e2A =
1
2
⋆
ϕ
ϕ
(
ω
⋆
ϕ
ϕ
− 2
⋆
A
)
e
2A
, (16)
2
a¨
a
+H2 − 3(
⋆
A
2
+
⋆⋆
A)e2A =
1
2
⋆
ϕ
ϕ
(
ω
⋆
ϕ
ϕ
− 2
⋆
A
)
e
2A
,(17)
−3
a¨
a
− 3H2 + 6
⋆
A
2
e
2A =
1
2
[
ω
(
⋆
ϕ
ϕ
)2
+
⋆⋆
ϕ
ϕ
]
e
2A
. (18)
The equations (16), (17), (18) correspond respectively
to the components (5)Gtt,
(5)Gii and
(5)Gψψ. Thus the
combination (5)Gtt + 3
(5)Gii + 2
(5)Gψψ yields
2ϕ
⋆⋆
ϕ − 4
⋆
Aϕ
⋆
ϕ+ 3ω
⋆
ϕ
2
+ 12
⋆⋆
Aϕ2 = 0. (19)
The equation (9) under the geometrical background (15)
gives
ϕ(ψ) = kψ
∫ ψ
ψ0
exp [−4A(ψ′)] dψ′+ ϕ0, (20)
where ϕ0 = ϕ(ψ0) and kψ is a separation constant. Both
equations (19) and (20) determine the Brans-Dicke scalar
field ϕ as a function of the warping factor A(ψ). Hence
for a warping of the form
A(ψ) = n ln
[
ψ0
ψ + ψ0
]
, (21)
being n > 0, the expression (20) leads to a Brans-Dicke
scalar field
ϕ(ψ) =
1
4n+ 1
kψ
ψ4n0
(ψ + ψ0)
1+4n . (22)
Inserting the equation (22) in (19) it gives that in order
to (19) to be satisfied for the field (22) necessarily
ω = −8n(2n+ 1)
(4n+ 1)2
. (23)
On the other hand in order to the condition ϕ(ψ0) =
1/(16πGN) holds, the separation constant in (22) must
be given by kψ = [(4n + 1)/(16πGN)][1/(ψ02
4n+1)] and
thus the expression (22) finally becomes
ϕ(ψ) =
1
16πGN
(
ψ + ψ0
2ψ0
)1+4n
. (24)
The effective 5D gravitational coupling is given as in the
usual Brans-Dicke theory of gravity by (5)Geff = 1/ϕ
and hence according to (24) the 5D effective gravitational
coupling reads
Geff (ψ) ≡ 1
ϕ(ψ)
= 16πGN
(
2ψ0
ψ + ψ0
)1+4n
. (25)
The induced metric (6) on the generic 4D hypersurface
Σ0 derived from (15) can be written as
ds2 = dT 2 − a2(T )δijdX idXj, (26)
where we have made the space-time coordinate rescaling
dT = eA0dt, dX i = eA0dxi. Clearly this metric corre-
sponds to a FRW metric with a scale factor a(t). Ac-
cording to (14) and employing the equations (23) and
(24) the induced 4D cosmological constant will be in this
case
Λ0 =
n(1 + 2n)
ψ20
. (27)
The induced matter on 4D is described classically by the
energy momentum tensor given by (13), however as it is
usually done in cosmological applications on the frame-
work of the induced matter approach [12], we can regard
matter in 4D as a perfect fluid through an energy mo-
mentum tensor of the form Tµν = (ρ(IM)+p(IM))uµuν−
p(IM)hµν with the 4-velocity of the observers given by
uµ = δµ0 (comoving observers located on Σ0) and satisfy-
ing uµuµ = 1. Thus according to (14) the field equations
on Σ0 are
3H2 = 8πGρeff , (28)
2
a¨
a
+H2 = −8πGpeff , (29)
where we have defined the effective energy density and
pressure by ρeff = ρ(IM) + Λ0 and peff = p(IM) − Λ0.
In terms of the warping factor A(ψ) the energy density
ρ(IM) and the pressure p(IM) of induced matter are de-
termined by
ρ(IM) =
⋆⋆
A − 2
⋆
A
2
, p(IM) = −(
⋆⋆
A − 2
⋆
A
2
), (30)
where both quantities must be evaluated at ψ = ψ0. Us-
ing the equation (21) the previous ρ(IM) and p(IM) be-
come
ρ(IM) =
n(1− 2n)
4ψ20
, p(IM) = −
n(1− 2n)
4ψ20
. (31)
It can be easily seen from the first of these equations that
in order to have a positive energy density ρ(IM) necessar-
ily 0 < n < 1/2. Taking into account this restriction and
in order to warranty a positive value of ϕ for every value
of ψ in the equation (24), n = 1/4 seems to be a conve-
nient election of n. In this case the Brans-Dicke scalar
field given by the equation (24) and consequently the
effective 5D gravitational coupling determined by (25)
become respectively
ϕ(ψ) =
1
16πGN
(
ψ + ψ0
2ψ0
)2
, (32)
Geff (ψ) = 16πGN
(
2ψ0
ψ + ψ0
)2
. (33)
The effective equation of state parameter ωeff in this
case gives
ωeff ≡ peff
ρeff
=
p(IM) − Λ0
ρ(IM) + Λ0
= −1, (34)
5which corresponds to an equation of state for a purely
cosmological constant. Thus we have on Σ0 the effective
cosmological constant
Λeff =
n(5 + 6n)
4ψ20
(35)
Finally this effective cosmological constant according to
(27) for n = 1/4 is given by
Λeff =
13
32ψ20
. (36)
The present value of the cosmological constant accord-
ing to cosmological estimations is approximately Λ0 =
10−54m−2 or Λ = 10−47GeV 4 [26], thus when we im-
pose this restriction to (36) it can be easily shown that
ψ0 = 6.373 ·1026m. This value is slightly larger than the
present Hubble radius λH0 ≃ 1.27 · 1026m, which give
approximately the radius of our observable universe, so
this could explain why for observers located on Σ0 the
extended extra coordinate remains unobserved, at least
directly.
IV. A DYNAMICAL COSMOLOGICAL
CONSTANT Λ(t)CDM
In order to obtain a dynamical cosmological constant
in the present formalism, we use the 5D line element
dS25 =
(
ψ
ψ0
)2α [
dt2 − a2(t)δijdxidxj
]−Φ2(t)dψ2, (37)
where a(t) is the cosmic scale factor and Φ(t) is a metric
function. Therefore, the field equations (5) now read
ψ
2Φ2(H2 −H
Φ˙
Φ
)− α(2α− 1)
(
ψ
ψ0
)2α
=
ψ
6
(
ψ
ψ0
)2α [
ωψ
(
⋆
ϕ
ϕ
)2
− α
(
⋆
ϕ
ϕ
)]
, (38)
⋆
ϕ+
3α
ψ
ϕ = 0, (39)
ψ
2Φ2
(
−2
a¨
a
−H
2
− 2H
Φ˙
Φ
−
Φ¨
Φ
)
+ 3α(2α − 1)
(
ψ
ψ0
)2α
= −
ψ
2
(
ψ
ψ0
)2α [
ωψ
(
⋆
ϕ
ϕ
)2
− α
⋆
ϕ
ϕ
]
, (40)
2α2
(
ψ
ψ0
)2α
− ψ
2Φ2
(
a¨
a
+H2
)
= ψ2
(
ψ
ψ0
)2α [
ω
2
(
⋆
ϕ
ϕ
)2
+
⋆⋆
ϕ
ϕ
]
. (41)
The equation (4) evaluated on the metric (37) can be
written as
⋆⋆
ϕ +
4α
ψ
⋆
ϕ = 0. (42)
Now, the combination of equations 2×(38)-(40)+2×(41)
leaves to the equation
Φ2
(
H2 +
Φ¨
Φ
)
− α(6α− 5)
ψ2
(
ψ
ψ0
)2α
=
(
ψ
ψ0
)2α 11ω
6
(
⋆
ϕ
ϕ
)2
− 5α
6ψ
⋆
ϕ
ϕ
+ 2
⋆⋆
ϕ
ϕ

 . (43)
Separating variables in the equation (43) it results(
Φ¨
Φ
+H2
)
Φ2 = γ2, (44)
(
ψ
ψ0
)2α 2 ⋆⋆ϕ
ϕ
+
11ω
6
(
⋆
ϕ
ϕ
)2
− 5α
6ψ
(
⋆
ϕ
ϕ
)
+
α(6α− 5)
ψ2
(
ψ
ψ0
)2α
= γ2, (45)
with γ being a separation constant with [length]−1 units.
For a power law expanding universe with H(t) = p/t a
particular solution for (44) is
Φ(t) = Φ0
(
t
t0
)
, (46)
where t0 denotes the present time, Φ0 = Φ(t0) is a
dimensionless constant and the relation p = γt0/Φ0
holds. We can normalize this solution by choosing
Φ0 = 1, which is the value of the metric function Φ in
the present time t0.
The equations (39) and (43) have the common solution
ϕ(ψ) = M2p
(
ψ0
ψ
)3
, (47)
where Mp is the Planckian mass. Inserting (47) in (45)
we obtain the condition
11
2
5 + 3ω
ψ20
= γ2. (48)
In a power law expanding universe p = H0t0, thus it is
valid the relation γ = Φ0H0. Using the expressions (46)
and (47) the dynamical cosmological constant reads
Λ(t) = Λ0
(
t0
t
)2
, (49)
where
Λ0 =
9ω
2ψ20
. (50)
On the other hand, the 4D dynamical field equations in-
duced on the hypersurface Σ0 can be written as
3H2 = 8πGρ(IM) + Λ(t) (51)
2
a¨
a
+H2 = −8πGp(IM) + Λ(t), (52)
6where ρ(IM) = T
(IM) t
t and p(IM) = −(1/3)(T (IM) xx +
T (IM) yy + T
(IM) z
z) with the help of (13) read
ρ(IM) = 2

( Φ˙
Φ
)2
+
Φ¨
Φ

− 3
ψ20Φ
4
, (53)
p(IM) = −
(
2H
Φ˙
Φ
− 3
ψ20Φ
4
)
, (54)
which for (46) acquire the form
ρ(IM) =
2
t2
− 3t
4
0
ψ20Φ
4
0
1
t4
, (55)
p(IM) = −
2p
t2
+
3t40
ψ20Φ
4
0
1
t4
, (56)
where in order to have a energy density ρ(IM) > 0, the
condition ψ0 ≫ (
√
3p20/Φ
2
0)r
2
H0
must be satisfied. Thus,
it follows from (51), (52), (55) and (56) that the total
equation of state parameter (EOS) can be written as
ωT =
pT
ρT
=
ωIMΩ(IM) − ΩΛ
Ω(IM) +ΩΛ
, (57)
where Ω(IM) = ρ(IM)/p(IM) is the density parameter of
induced matter, ΩΛ = Λ(t)/(8πGρc) and ωIM is the EOS
parameter for induced matter, being ρc the critical ener-
gy density. Now, as the induced matter accounts for the
matter sources in the universe, it is natural to consider
the separation
Ω(IM) = Ωm +Ωr, (58)
with Ωm describing the density parameter for matter and
Ωr is the density parameter for radiation. Therefore, the
EOS parameter for induced matter can be written in the
form
ωIM =
ωmΩm + ωrΩr
Ωm +Ωr
, (59)
where we have regarded barotropic EOS for matter and
radiation. It is not difficult to show that for matter obey
a dust EOS parameter i.e. ωm = 0, the equation (56)
implies that the power of scale factor of the universe is
determined by
p =
3(H0t0)
2
2(ψ0H0)2Φ40
− 1
6H20
ρc0Ωr0(H0t0)
2, (60)
where the subindex 0 denotes evaluated in the present
time. It is a straightforward calculation to see that when
the condition
3(H0t0)
2
2H20ψ
2
0
(
1
1 + 1
6H2
0
(H0t0)2ρc0Ωr0
)
> Φ20, (61)
is satisfied, we have p > 1, which means that on this
limit the expansion of the universe will be accelerated.
The deceleration parameter reads
q =
1
2

1− 3
(
2p+ Λ0(H0t0)
2
8πGH2
0
)
− 3(H0t0)4
φ2
0
(H0Φ0)4
1
t2(
2 + Λ0(H0t0)
2
8πGH2
0
)
− 3(H0t0)4
ψ2
0
(H0Φ0)4
1
t2

 . (62)
Now, it follows from (49) and (50) that as
ψ0 = 6.373 · 1026m, in order to Λ0 satisfy the ob-
served value today Λ ≃ 10−54m−2, it requires that the
BD parameter has the value ω = 0.09025.
Thus, with the help of the equations (49), (50), (55),
(56), (57), (58) and (59), the total equation of state pa-
rameter can be written in the form
ωT =
− 2pt2 +
3t4
0
ψ2
0
Φ4
0
1
t4 − Λ08πG
(
t0
t
)2
3
t2 −
3t4
0
ψ2
0
Φ4
0
1
t4 +
Λ0
8πG
(
t0
t
)2 , (63)
which for the present time reduces to
ωT0 =
− 2pH20(H0t0)2 + 3ψ20Φ40 −
Λ0
8πG
2H2
0
(H0t0)2
− 3
ψ2
0
Φ4
0
+ Λ08πG
. (64)
The expression (64) can be used to obtain the value of
Φ0 in terms of ωT0 , which results to be
Φ0 = ±γ
(
H0t0
ψ0
)1/2
, (65)
Φ0 = ±iγ
(
H0t0
ψ0
)1/2
, (66)
where
γ =
[
24πG(1 + ωT0)
(1 + ωT0)(H0t0)
2Λ0 + 16πG(p+ ωT0)H
2
0
]1/4
.
(67)
Of course we are interested in the physical real so-
lutions (65). According to the data combination
Planck+WP+BAO+SN, in the present time the EOS
parameter ranges in the interval ω0 = −1.10+0.08
−0.07 [27].
These values are achieved by (64) when in agree with
(65) Φ0 have the values
Φ0 = ±0.01054883615+1.06·10
−8
−5.017·10−8. (68)
Finally, taking into account (68), it follows from (62) that
the present decceleration parameter is bounded by
q0 = −1.15+0.012
−0.105. (69)
In this manner we have shown that if we consider that
gravity propagates along the 5D bulk obeying a Brans-
Dicke theory, then a dynamical cosmological constant can
be induced on our 4D universe in concordance with obser-
vational evidences.
7V. FINAL COMMENTS
In this letter ragarding our 4D observable universe as
locally and isometrically embeded into a 5D spacetime,
where gravity is governed by a Brans-Dicke (BD) theory
in vacuum, we have obtained cosmological solutions in
which the cosmological constant, that can vary with
time, arises in the 4D field equations as an induced
geometrical term. In this sense in this model the acce-
lerating expansion of the universe is explained without
the need to introduce dark energy.
The main condition that makes the embedding possi-
ble is that the BD scalar field must be depending solely
of the extra coordinate and ϕ(ψ0) = (16πG)
−1. In here
our 4D observable universe is represented by a generic
hypersurface Σ : ψ = ψ0, member of a foliation of the
5D ambient space. The field equations induced on the
4D space-time are the usual Einstein field equations
plus an extra term that can be written as a dynamical
cosmological constant term.
We found that there exist solutions to the 5D field
equations that induce a ΛCDM model in 4D (when
gψψ is time independent) or a Λ(t) CDM model (when
gψψ has time dependence). Matter sources in 4D are
geometrically induced from the 5D geometry (see the
energy-momentum tensor of induced matter (13)). Thus
we obtain in 4D a modified theory of general relativity.
Finally, in order to illustrate how the model works,
we have obtained two cosmological solutions. One that
describes a 4D universe with an induced cosmological
constant and other one in which the cosmological cons-
tant varies with time. The first one of these scenarios
results of considering for the 5D space-time the class
of geometries known as warped product geometries.
In this example, 4D sources of matter are also geome-
trically induced as it is usually done in the Wesson’s
induced matter approach. The value of the cosmological
constant geometrically induced agrees with its value
determined by observations Λ0 = 10
−54m−2 when
ψ0 = 6.373 · 1026m. The cosmological constant in this
example is effective in the sense that the induced matter
EOS parameter also corresponds to a cosmological
constant.
In the second example, we have derived a more general
metric solution of the 5D field equations that induce on
the 4D space-time a dynamical cosmological constant of
the form Λ(t) = Λ0(t0/t)
−2. We have shown that this
solution describes a universe with accelerating expansion
when Φ0 = ±0.01054883615+1.06·10
−8
−5.017·10−8. Moreover, with
this solution a Λ(t)CDM model can be reproduced. In
the both examples the fifth coordinate evaluated on Σ0
must be ψ0 ≃ 5.018 · λH0 , where λH0 ≃ 1.27 · 1026m is
the present Hubble radius. The fact that ψ0 is slightly
larger than the Hubble radius, could explain why in
this model, for hypothetical observers located on Σ0 the
extended fifth extra dimension remains unobserved, at
least directly.
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